Abstract. The dynamical spin structure factor S zz (Q, ω) in the small momentum region is derived analytically for the one-dimensional supersymmetric t-J model with 1/r 2 interaction. Strong spin-charge separation is found in the spin dynamics. The structure factor S zz (Q, ω) with a given spin polarization does not depend on the electron density in the small momentum region. In the thermodynamic limit, only two spinons and one antispinon (magnon) contribute to S zz (Q, ω). These results are derived via solution of the SU(2,1) Sutherland model in the strong coupling limit.
Introduction
The spin-charge separation is a main subject in one-dimensional interacting electron systems. The conformal field theory has succeeded in the description of spin-charge separation in the low-energy physics of the Tomonaga-Luttinger liquid. Beyond the conformal field theory limit, exactly solvable models provide us chances to obtain analytical knowledge on thermodynamics and dynamics, and it is intriguing how the spin-charge separation appears in these properties.
Among exactly solvable models, the supersymmetric t-J model with 1/r 2 interaction [1] reveals the spin-charge separation in the simplest manner. The Hamiltonian of this model is given by
Here |ν denotes a normalized eigenstate of the Hamiltonian with energy E ν (E 0 being the ground state energy). In the absence of magnetic field (h = 0), the dynamical spin structure factor was exactly obtained at n = 1 [7, 8, 9] . It was numerically demonstrated that the weight of the dynamical spin structure factor in the t-J model does not depend onn in the region where only two spinons contribute [10] . This is an indication of the strong spin-charge separation in dynamics. Later, a mathematical poof was given to this statement, and the analytical expression of the dynamical spin structure factor forn < 1 was obtained in the full (Q, ω) space [11] .
A numerical study [12] also showed that the strong spin-charge separation for S zz (Q, ω) can be extended to the case of finite magnetic field (h = 0). Namely, at fixed magnetization, S zz (Q, ω) away from half-filling is the same as that for half-filling (i.e., the Haldane-Shastry model), in the region where only spinons and antispinons contribute. For h = 0, the full exact results on S zz (Q, ω) have not been obtained even in the Haldane-Shastry model. However, if the momentum is restricted to Q ≤ πm, the dynamical structure factor S zz (Q, ω) atn = 1 can be expressed as the dynamical density-density correlation function of the Sutherland model with coupling parameter β = 2 [13, 14] . In order to give this expression, we assume the positive magnetization m without loss of generality, wherem =n ↑ −n ↓ withn σ = N σ /N (N σ being the number of electrons with σ-spin). In the thermodynamics limit, we have the following expression: ‡ S zz (Q, ω) = Q 
where ǫ s (q) is the spinon spectrum: ǫ s (q) = q(v s − q), and ǫ a (q) is the antispinon spectrum: ǫ a (q) = q(v s + q/2), where v s = π(1 −m). The purpose of this paper is to prove that the analytical expression of S zz (Q, ω) away from half-filling is the same as Eq. (4), if 0 < Q ≤ min[πm, πn ↓ ]. This yields a mathematical proof of the strong spin-charge separation in magnetic-field dynamics. We stress that the use of the replica type technique is crucial for calculation of the matrix element in S zz (Q, ω). This paper is organized as follows. In the next section, we introduce the SU(2,1) Sutherland model as an auxiliary. As in the previous study of thermodynamics [4, 5, 15, 16] and dynamics [8, 9, 17, 18] , we take the limit β → ∞ of the coupling parameter in order to obtain the analytical knowledge of the 1/r 2 supersymmetric t-J model. The eigenfunctions of the Sutherland model can be expressed in terms of Jack polynomials. We discuss the basic features of the Jack polynomials. In section 3, we derive the matrix element of the dynamical spin structure factor based on the replica type technique [19] . In section 4, we present the analytic expression of S zz (Q, ω) for finite systems. Section 5 is devoted to summary. In Appendix A, we derive the dynamical charge structure factor N (Q, ω) in the same method. In Appendix B, we show the comparison with numerical results for small size systems [12] . In Appendix C, we present the results on the static structure factors S zz (Q) and N (Q).
Sutherland model with SU(2,1) symmetry
In this section, we introduce the Sutherland model [20, 21, 22, 23] with SU(2,1) symmetry [24] , and review the basic properties.
Notation
We follow the notations of Refs. [25, 26, 27] . For a fixed non-negative integer n, let
, 1 ≤ i ≤ n} be the set of all compositions with length less than or equal to n. The diagram of a composition η = (η 1 , η 2 , · · · , η n ) ∈ Λ n is defined as the set of points (i, j) ∈ Z 2 such that 1 ≤ j ≤ η i . The weight ||η|| of a composition η = (η 1 , η 2 , · · · , η n ) ∈ Λ n is defined by ||η|| = n i=1 η i . The length l(η) of η is defined as the number of non-zero η i in η. The set of all partitions with length less than or equal to n is defined by Λ
where m i is the number of parts which are equal to i. The conjugate partition λ ′ of a partition λ is a partition whose diagram is the transposition of the diagram of λ. Hence λ ′ i is the number of nodes in the i-th column of the diagram of partition λ. In particular we have λ
we define the dominance order λ < µ if ||λ|| = ||µ|| and
For a composition η ∈ Λ n , η + denotes the unique partition which is a rearrangement of the composition η. Now we define a partial order ≺ on compositions as follows: for ν, η ∈ Λ n , ν ≺ η if ν + < η + with dominance ordering on partitions or if ν + = η + and
For a given composition η = (η 1 , η 2 , · · · , η n ) and s = (i, j) in the diagram of the composition η, we define the following quantities:
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Here, for a set A, #A denotes the number of elements. The quantities a η (s), a ′ η (s), l η (s) and l ′ η (s) are called arm-length, arm-colength, leg-length, and leg-colength, respectively. Since l ′ η (s) does not depend on j, we also denote it as l
Further, for a composition η ∈ Λ n and real parameters r and γ, we define the following quantities:
[0]
Sutherland model and Jack polynomials
Following Refs. [14, 17] , we formulate the dynamical spin structure factor S zz (Q, ω) of the 1/r 2 supersymmetric t-J model based on the freezing technique [15, 16] . As an auxiliary, we introduce the Sutherland model [20, 21, 22, 23] with SU(2,1) supersymmetry [24] :
The system has N h holes, N ↑ up-spin electrons and N ↓ down-spin ones, whose coordinates are represented by x h i for i-th hole, x ↑ i for i-th up-spin electron and x ↓ i for i-th down-spin electron. We arrange them as
Here the graded exchange operator is defined as
where X βα j is the Hubbard operator which changes from state α to β one at site j, with α, β being either h (hole state), or one of σ =↑, ↓. The sign factor θ β is −1 if β =h and 1 otherwise. In order to reproduce the lattice model, we take the limit of large β and M , keeping the ratio t = β/M fixed. Then the particles crystallize with equal distance from each other, and the resultant dynamics excluding phonons and uniform motion of the center of gravity is mapped to that of the t-J model given by Eq. (1) . It can be shown that the intensity of the phonon correlation is smaller than the spin correlation by a factor of O(β −1 ). Here we take the lattice parameter L/N as the unit of length. Then we have the following relation
For fixed numbers of (N h , N ↑ , N ↓ ), the right-hand side of the above relation is the t-J model given by Eq.(1) with a trivial constant shift. Note that the symmetry of the wavefunction leads to the relation s ijPij = −1, where s ij represents the exchange operator of the coordinates of particles i and j.
The wave function of the ground state for a set of (N h , N ↓ , N ↑ ) is given by
where the complex coordinates z = (z 1 , · · · , z N ) are related to the original ones
The spectrum of the Sutherland model is conveniently analyzed with the use of a similarity transformation generated by
The transformed
Hered i is called the Cherednik-Dunkl operator [28, 29] and is given bŷ
It is known thatd i can be diagonalized simultaneously by homogeneous polynomials. In terms of the monomial
η + lower terms (triangularity), and are called nonsymmetric Jack polynomials [30, 31] . Here "lower terms" means a linear combination of the monomial
Since we are dealing with identical particles, the eigenfunction should satisfy the following conditions of the SU(2,1) supersymmetry: (i) symmetric with respect to the exchange between z h i 's; (ii)antisymmetric with respect to the exchange between z σ i 's with the same σ. By taking a linear combination of E λ (z; β), we can construct a polynomial K λ (z; β) with SU(2,1) supersymmetry [26, 32, 33, 34] . The above triangular structure of
For the ground state, we have Figure 1 ). K λ (z; β) is normalized so that the coefficient of the monomial z λ is unity. We define the inner product of functions f (z) and g(z) in n complex variables, z = (z 1 , z 2 , · · · , z n ) as follows:
where f (z) denotes the complex conjugation of f (z). We give some examples of the SU(2,1) Jack polynomials. For the case of
The SU(2,1) Jack polynomials are orthogonal with respect to the above inner product [34, 35] :
for compositions λ, µ ∈ Λ
Here ρ λ (β) is given by the product Figure 1 . The diagrams of the ground state with (N, N h , N ↓ , N ↑ ) = (26, 4, 7, 15) . (15)) (left) and µ GS = (3 4 ,δ (7)) (right). (27) and (28) under the conditions (30) and (31) (the small momentum region). These diagrams correspond to the case with (N, N h , N ↓ , N ↑ ) = (26, 4, 7, 15) .
The diagrams λ GS and µ GS are shown in Figure 1 . The diagrams shown in this figure do not contribute to S zz (Q, ω), owing to ν h = (1, 0 N h −1 ) (see Eq. (45)). 
The operators n
Using these coefficients, in the lattice limit (β → ∞), the spin operator S z j can be expressed by S
For Q = 0, there is a finite intensity only at ω = 0, which is given by Nm 2 /4. It is difficult to derive c h λ and c ↓ λ for general values of Q = 2πm/N . In the next section, we show that there occurs a drastic simplification in the small momentum region.
Matrix element
In the small momentum region, we have some special properties that the calculation for the expansion coefficient and norm can be essentially reduced to those of symmetric Jack polynomials [27] . First we summarize the necessary formula to evaluate the expansion coefficients c ↓ λ and c h λ . Next we obtain the expansion coefficients by use of the replica type technique [19] .
Small momentum region
We consider the case where the following two conditions are satisfied:
(Note that these conditions constitute the small momentum region.) In this region, owing to the triangular structure of the polynomial K λ (z, β), the composition λ contributing to the summation (29) is restricted to the form Figures 1 and 2) . We define
Under the conditions (30) and (31), by extending a calculation by Baker and Forrester [32] , we obtain the following relation:
where
HereK µ (z; β ′ ) is a Jack polynomial with SU(1,1) supersymmetry, which is a linear combination of N h + N ↓ variables non-symmetric Jack polynomials
is symmetric with respect to the exchange between z h i 's and antisymmetric with respect to the exchange between z ↓ i 's. For the composition µ GS , the SU(1,1) Jack polynomialK µGS (z, β ′ ) is independent of the parameter β ′ , and is explicitly given bỹ
Under the conditions (30) and (31), the norm of the above states can be reduced to the following form [27] :
. We remark that for monic symmetric Jack polynomials P λ (z, β), the following relation is obtained [25] :
The relations (32) and (34) hold if both the conditions 0 ≤ λ j ≤ N ↑ − 1 for j ∈ I h ∪ I ↓ and λ ↑ = λ ↑ GS are satisfied. However if Eqs. (30) and (31) are not satisfied, the K λ without satisfying Eq.(32) may involve in the summations (27) and (28) . In the strong coupling limit (β → ∞), the parameter β ′ = β/(β + 1) approaches unity. In this limit, the eigenstates satisfying the above conditions "0 ≤ λ j ≤ N ↑ − 1 for j ∈ I h ∪ I ↓ and λ ↑ = λ ↑ GS " are SU(2,1) Yangian highest weight states (YHWS) [36] in the 1/r 2 supersymmetric t-J model, which can be mapped to that of the SU(1,1) Sutherland model with coupling parameter β = 1 [37] . As employed in Refs. [27, 38, 39] , if the excited states are restricted within the YHWS, the derivation of the correlation functions can be reduced to that for the Sutherland model with SU(1,1) supersymmetry. We would like to stress that if the small momentum conditions (30) and (31) are not satisfied, non-YHWS may contribute in the excited states of S zz (Q, ω).
Replica type technique
Using the replica type technique [19] , we derive the analytic formula of the coefficients c h λ and c ↓ λ . For indices α = h and ↓, we define the quantity Z α (θ) as follows:
For any real parameter u, we have the following relation:
By use of the above relation, the expansion coefficients c α λ (α = h, ↓) in Eqs. (27) and (28) are given by
where momentum conservation ||λ||−||λ GS || = m is satisfied. We introduce the similar type of expansions for the SU(1,1) Jack polynomials:
In a similar manner, the expansion coefficients ofc 
where ||µ|| − ||µ GS || = m. Under the conditions (30) and (31), by use of Eq.(32), for given compositions This relation means that the expansion coefficients for the SU(2,1) Jack polynomials can be expressed by those for the SU(1,1) Jack polynomials, provided the conditions (30) and (31) are satisfied.
Next, for given parameters (p, q), we consider the following expansion:
The formula of the expansion coefficient χ µ (β ′ ) for arbitrary µ has not been proved yet. However, in the small momentum region, we have a formula for χ µ (β ′ ). For µ = µ GS + (ν h , ν s ), we have the following relation [27] :
By use of Eqs. (40) and (43) with (p, q) = (0, u), we can obtain the coefficient c
where m = ||ν h || + ||ν s ||. In a similar manner, we can derive the coefficient c 
We notice that while c ↓ λ is related to the expansion coefficients for the SU(1,1) Jack polynomials, the quantity c λ given by Eq.(45) is related to those for the monic symmetric Jack polynomials. In fact, for the monic symmetric Jack polynomials, one has the following formula [40] :
In the strong coupling limit (β → ∞), we have β ′′ → 1/2, and therefore the c λ approaches c ↓ λ + c h λ /2. This is precisely the quantity which appears in S zz (Q, ω) (see Eq. (29)). Thus, no charge excitation contributes to S zz (Q, ω) in the small momentum region. Since we haveβ ′ → 2 in the limit β → ∞, the coefficient c λ vanishes owing to the factor [0]β
). These three parameters are related directly with momenta of the elementary excitations: one antispinon and two spinons.
Results
Using the relations (34) and (45), we can express the S zz (Q, ω) in terms of three parameters (λ a , λ s1 , λ s2 ). In the small momentum region (see Eqs. (30) and (31)), we obtain the following expression:
where Q = 2πm/N and ||ν s || = λ a + 2 j=1 (λ sj − 1). The excitation energy ∆E λ is given by
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In the case of λ s2 = 0, where only one spinon is excited, we need to modify the above results as follows:
where Q = 2πλ s1 /N . The excitation energy ∆E λ is given by (λ s1 , λ s2 , λ a ) = (λ s1 , 0, 2) in Eq. (48). We have checked the validity by comparison with numerical results up to N = 16 [12] (see Appendix B). In Figures 3 and 4 , we show the results for N = 16. From comparison with numerical results, the analytic expression of the twospinon plus one-antispinon contribution can be applied in the wider range of (Q, ω) (see Appendix B). The analytic expressions (47) to (49) coincide with those for the Haldane-Shastry model [14] . From the above results for finite systems, we can derive the analytic expression of S zz (Q, ω) in the thermodynamic limit (see Eq. (4)). Note that the contribution in the case of λ s2 = 0 vanishes in the thermodynamic limit. Thus we have proved analytically that in the momentum region 0 < Q ≤ min[πm, k F,↓ ], the structure factor S zz (Q, ω) is not affected by hole doping. Here k F,σ is given by πn σ . In this region, S zz (Q, ω) diverges as (ω − ǫ s (Q)) −1/2 , as the frequency approaches the lower edge corresponding to the spinon dispersion ω = ǫ s (Q). The obtained S zz (Q, ω) has the same form as the dynamical density-density correlation function of the spinless Sutherland model with coupling β = 2 except the momentum range [41, 42] . For 0 < Q ≤ min[πm, k F,↓ ], the static structure factor S zz (Q) can be evaluated by the integration dωS zz (Q, ω), which reproduces the expressions presented in Appendix C.
Summary
By use of the freezing technique on the Sutherland model with SU(2,1) supersymmetry and the replica type technique, we have obtained the dynamical spin structure factor S zz (Q, ω) with Q ≤ min[πm, k F,↓ ] in the supersymmetric t-J model with 1/r 2 interaction. The S zz (Q, ω) has the same form as that of the Haldane-Shastry model in this small momentum region. In the thermodynamic limit, two spinons and one antispinon contribute to S zz (Q, ω). Therefore, S zz (Q, ω) is not affected by hole doping in this region. Thus we have proved the strong spin-charge separation in S zz (Q, ω), which was numerically obtained in the previous paper [12] . From comparison with numerical results, we have found that the analytic expression of two-spinon plus oneantispinon contribution can be applied to the wider range of (Q, ω).
in the small momentum region m ≤ (N ↓ − 1)/2. Here we have used the property that
In fact, as shown in Ref. [17] , the excited states contributing to N (Q, ω) in this small momentum region are restricted to the case where
can be derived via Eq. (46) as well. Namely, the use of the replica type technique is not essential for the derivation of c h λ in contrast to the case for c ↓ λ . The norm can be evaluated by the reduced formula Eq.(34). In the strong coupling limit β → ∞, the coupling parameter β ′′ becomes 1/2. In the thermodynamic limit, the dynamical charge structure factor N (Q, ω) for 0 < Q ≤ k F,↓ can be expressed as [17] 
where the Fermi momentum k F is given by k F = πn/2, ǫ h (q) is the holon spectrum: ǫ h (q) = q(v c + q) and ǫ ah (q) is the antiholon spectrum: ǫ ah (q) = q(v c − q/2). Here the charge velocity v c is v c = π(1 −n). This expression has the same form as the dynamical density-density correlation function of the spinless Sutherland model with coupling parameter β = 1/2 .
Appendix B. Comparison with numerical results
We make a comparison between analytic results and numerical ones in S zz (Q, ω) [12] . In Tables B1 and B2 , we present the cases (N, N h , N ↑ , N ↓ ) = (16, 2, 9, 5) ¶ For the derivation of N (Q, ω), the condition Q ≤ πm, i.e., Eq. (30) is not necessary. Table B1 . Comparison between analytic results and numerical ones [12] for (N, N h , N ↑ , N ↓ ) = (16, 2, 9, 5). Table B2 . Comparison between analytic results and numerical ones [12] for (N, N h , N ↑ , N ↓ ) = (16, 2, 11, 3) . . However, the analytical expression of the two-spinon plus oneantispinon contribution can be applied in the wider range. As a result of hole doping, the integration ranges of the spinon momenta in Eq.(4) are changed to 0 < q i < k F,↓ for i = 1 and 2. From comparison with numerical results [10, 12] , we find that a similar fact occurs also in the N (Q, ω). Namely, although analytic derivation of N (Q, ω) is restricted to the region 0 < Q < k F,↓ , the expression of the (right-moving) two-holon plus one-antiholon contribution can be extended to the integration range shown in Eq. (A.4) .
the Gutzwiller wave function [43] . For generalm, Forrester derived the analytic expressions of the equal-time two-point correlation functions [44, 45] + . In the following, we obtain the the static structure factors by Fourier transformation of these equal-time two-point correlation functions.
The equal-time two-point correlation functions are defined by C zz (x) ≡ 0|S z x S z 0 |0 and C hh (x) ≡ 0|n x n 0 |0 . They are expressed as follows,
. s α (x) (α =c and s) are given by
By Fourier transformation we obtain the analytic expressions of S zz (Q) and N (Q). Taking into account of the Umklapp process, we obtain [45] 
for momentum 0 < Q < 2π. The S I (Q) is given by
where θ(x) is θ(x) = 1 for positive x, and 0 otherwise. This contribution has the same form as the level-level correlation of the random matrices for symplectic ensembles [23, 46, 47] . In fact, the S zz (Q) of the Haldane-Shastry model can be expressed by v s /(2π) + S I (Q) + S I (2π − Q) [48] . The S II (Q) contributes for finite hole doping (n < 1), which is given by
The divergence at Q = π(1 −m) in S I (Q) is removed by hole doping. The static spin structure factor has the same form for the Haldane-Shastry model in the region + In Ref. [44] , the normalization factors are different. When the spin correlation is divided into C zz (x) = C hh (x)/4 + C bh (x) + C bb (x), the correlation functions C hh (x), C bh (x) and C bb (x) correspond to ρ 2 o hoo(x), ρoρ ↓ h o↓ (x) and ρ 2 ↓ h ↓↓ (x) in Ref. [44] , respectively. Tractable expressions for the correlation functions were derived by Kuramoto [45] . Next we consider the static charge structure factor N (Q). The N I (Q) is given by
This term has the same form as the level-level correlation of the random matrices for orthogonal ensembles [46, 47] . In fact, the static structure factor of the Sutherland model with coupling parameter β = 1/2 is given by v c /π + N I (Q) [23] . The N II (Q) is given by We can rewrite S zz (Q) and N (Q) more explicitly. Because of the reflection symmetry against Q = π, it is enough to consider Q ≤ π. For convenience, we define the following functions:
The expressions of S zz (Q) can classified into six cases (a) to (f) (see Figure C1 (left)). (a) Whenm ≥ 1/2, we have (C.14)
To describe N (Q) as well, we define the following functions: In the limitm → 0, the above expressions of S zz (Q) and N (Q) reproduce the results in Ref. [43] .
